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Matrix representation of the generators of symplectic algebras:
II. The general case with explicit results for sp(6, R)

E Chacén and M Moshinsky*
Instituto de Fisica, UNAM, Apdo Postal 20-364, México, DF 01000, Mexico

Received 28 October 1986

Abstract. One of the important problems in Lie algebras is to determine the matrix
representation of their generators in a basis associated with a given irrep of the correspond-
ing group. For the unitary and orthogonal groups these representations were obtained by
Gelfand and Zetlin. In the present paper we give results of the same degree of generality
for the symplectic Lie algebras sp(2d, R), where d is any integer, when the irreps are in
the positive discrete series. The basis is constructed from powers of the raising generators
acting on Gelfand states. Using the Dyson boson realisation of the generators of sp(2d, R),
and the result of Gelfand for unitary Lie algebras, the matrix representation of these
generators was obtained in closed form. Explicit results are given for sp(6, R) and we
sketch their application to the symplectic model of the nucleus.

1. Introduction

In the present paper we wish to extend to the symplectic algebra sp(2d, R), where d
is any integer, the methods for determining the matrix representation of their generators
that were outlined in the first paper of this series for the case of sp(4, R) i.e. when
d =2 (Castanos and Moshinsky 1987). In this introduction we shall indicate how the
matrix representation can be obtained in principle, leaving for the following sections
the actual procedure employed using the Dyson boson realisation of sp(24, R), as well
as the discussion of its explicit application to sp(6, R) and to the symplectic model of
the nucleus.
The set of d(2d +1) generators of sp(2d, R) will be denoted by

B} =Bj; Ci BY=B” ij=1,2,...,d (1.1)
where in contrast to previous notation (Castanos et al 1982) we make use both of
lower and upper indices. This would allow a discussion with different types of metric,
which will be relevant in the applications to the sp(6, R) of the symplectic model of

nuclear collective motions.
The commutation relations for the generators given in (1.1) are

[Cl, Ci1=Cl8i-Cis) (1.2a)
[Bj, Bi;1=[B", B"]=0 (1.2b)
[C!, B},]= B8/ + B8} (1.2¢)
[C!,B"]=-BY8s-B"s/ (1.2d)
[BY, Bi;]1= C}8i+Cl8j+ Ci8i+C} 8} (1.2¢)
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and thus we see thatthe C4,i,j=1,2,..., d, are the generators of the u(d) subalgebra
of sp(2d, R) (Moshinsky 1968).

The set of generators (1.1) can be divided into three subsets of raising, weight and
lowering type which are separated below by semicolons:
B, Cli<j, Ci Cl/i>j, BY. (1.3)
The lowest weight state associated with an irreducible representation of sp(2d, R) in
the positive discrete series is then characterised by a partition [h4hs4. .. hye] and it
can be denoted by the ket |h), where i =1,2, ..., d, which satisfies the equations

Bkl\hld>=0 Vk, ! (140)
CLlhg)=0 k> (1.4b)
Cll:|hid>=hd—k+l,d|hid> k’I=1523"-,d' (14C)

We can obtain a complete, albeit non-orthonormal, basis associated with the irrep
[hig... hay] of sp(2d, R) if we apply to the lowest weight state | hiy) the raising generators
appearing in (1.3) before the first semicolon. We note that the application of powers
of C{,i<j to | hy) will produce states associated with the irrep [hy4. .. hyy] of U(d)
(Moshinsky 1968) that would be linear combinations of the orthonormal ones intro-
duced by Gelfand and Zetlin (Gelfand and Zetlin 1950, Moshinsky 1968). Thus in
what follows we shall start not from the lowest weight state |h,;) of (1.4) but from
Gelfand states characterised by irreps of the chain

U(d)=2U(d-1)>...2U(j)>...2U(2)>U(1) (1.5)
which are associated with the partitions

(hyjhs;. .. hy]l j=12,...,d (1.6)
We shall denote the corresponding states by the kets

| By i<jj=12,...,d (1.7)

where h; are non-negative integers satisfying h;=h, ;_, = h;., , and, as mentioned
above, these kets are orthonormal.

The set of states associated with the irrep [hy4... hyy] of sp(2d, R) in the positive
discrete series can now be constructed by the application of powers of the raising
generators Bj; to the states {h;) of (1.7), and thus we can denote them by the ket
(Deenen and Quesne 1985)

d
N =( T B )y (19)
isj=
where Ny, i<j=1,...,d are non-negative integers.
From the Hermitian property (Castafios et al 1982)
(B}) =B’ (1.9)

and the commutation relations (1.2), it is clear that the states (1.8) are non-orthonormal
but they provide a basis for the matrix representation of the generators of sp(2d, R)
as indicated in the general type of analysis of Gruber and Klimyk (1984) and, specifically
in th;: case of sp(4, R), in the previous paper of this series (Castafios and Moshinsky
1987).

We proceed now to indicate how, in principle, one can obtain the matrix representa-
tion of the generators for a basis associated with a given irrep [h,4. .. haq] of sp(2d, R).
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If we denote by X any of d(2d + 1) generators (1.1) of sp(24d, R), we will try to express
its action on the ket INU-, h;,) as a linear combination of these types of states, i.e.

XNy hy=Y [N}, hip(Nj, hjy| X | Ny, hy). (1.10)

Ty

Note that we use a round rather than an angular bracket on the left-hand side of the
last term in (1.10) to emphasise that it is not the matrix element of X with respect to
the states | Ny, h;) but just a coefficient in the development of X | Ny, h;) in terms of
| N, .

When X =B, k<1=1,2,...,d, we obviously have that
( Ny + 8uby, hU|BZl1Nij,hij>=1 (1.11)

while all the other coefficients in a development of the type (1.10) vanish. If we now
take X = C} and apply it to | Ny, h,) we obtain

d
CiINy, hy) = [CL, 11 1 (B,;)Nu] \ h,.j>+hz | Ny, ik | Cll by (1.12)
isj= "

In (1.12) the (h};| C)|h;) are now the matrix elements of the generator C} of the U(d)
group with respect to the Gelfand states and their explicit expressions are well known
(Gelfand and Zetlin 1950, Moshinsky 1968). The commutatorin (1.12) can be evaluated
using (1.2¢) and thus it clearly gives rise to a linear combination of terms IT{,_, ( B}) ™.
In this way we can get explicitly the coefficients

Now turning our attention to X = B* we see that
d
B¥| Ny, hy)= [B"’, I1 (B;)Nu] | by (1.14)
isj=1

as the term B*| h;) = 0. This is due to the fact that | h;) can be expressed as a polynomial
in C{, i<}, acting on the lowest weight state | h,). Using the commutation relation
[C/, B¥] in (1.2d) we see that we can pass the B" through the C’ to have it act
directly on | h,;) where it gives zero from (1.4a). For the commutator in (1.14) we can
use [ B¥, Bj;] given by (1.2¢) to introduce a C’ in the monomial expression and then
move the CJ to the right using (1.2¢) so that finally it acts on | h;) in the way indicated
in the last term in (1.12). By this procedure we could then get explicitly the coefficients

(N}, hy| BM[ Ny, hy). (1.15)

Clearly the analysis indicated, while feasible, is very cumbersome, but fortunately,
as was indicated in the earlier paper (Castafios and Moshinsky 1987), it can be greatly
simplified by using the Dyson boson realisation of sp(2d, R), as we shall show in the
following section.

2. The Dyson boson realisations and the matrix representation of the generators of
sp(2d, R)

In previous references (Deenen and Quesne 1984, Moshinsky 1984) it was shown that
the generators of sp(2d, R) can be expressed in terms of those of the direct sum

w[d(d+1)/2]1®u(d) (2.1)
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where in (2.1) w and u stand, respectively, for the Weyl and unitary Lie algebras of
the dimensions indicated.

The generators of w[d(d +1)/2] are the creation 8, and annihilation Y operators,
with i, j=1,2,...,d, satisfying the commutation relations

(B}, B171=0 (2.2a)
[BY,871=0 (2.2b)
(B', Biy]=0818]+8;6! (2.2¢)

where the appearance of two sets of Kronecker deltas in (2.2¢) is due to the two indices
and symmetric properties of the creation and annihilation operators, i.e. 8} =g},
Bx‘j — le"

The generators of u(d) will be denoted by y/;i,j=1,..., d, and they satisfy the
standard commutation relations for unitary Lie algebras, i.e.

Uyvl, yil=~vl6l—yis]. (2.2d)
Furthermore w and u are independent so that
(85, v1=[B", vi1=0. (2.2¢)

The realisation of the generators of sp(2d, R) in terms of those of w{d(d +1)/2]
and u(d) has been given in matrix notation (i.e. B' =| B}/, etc) by Deenen and Quesne
(1984) and Moshinsky (1984). Putting the results back in components we obtain

B =g (2.3a)
Cl=BimB™ +7 (2:36)
BY = Byl + Byt BB B —(d + 1) (23¢)

where repeated indices m, n are summed over their values, m,n=1,2,...,d.

It can be easily checked from the commutation rules (2.2) of B, y/, 8" that
Bj, C{, BY defined by (2.3) satisfy the commutation rules (1.2) and, furthermore, that
the right-hand side of (2.3c) is symmetric under exchange of i and j as required by
BY = B’. We note, though, that from (2.3) and the Hermitian properties

(B})'=BY (2.4a)

(CH'=C; (2.4b)
of the generators of sp(2d, R), we conclude that

(By)" =B’ (2.5)

and thus we are dealing with what is known as a Dyson type (Deenen and Quesne
1984, Castanos et al 1985, 1986) boson realisation and not a Holstein-Primakoff one.
We now define the boson states (Deenen and Quesne 1985)

d
| Ny, by} = AT (B ™ [hy) (2.6)

where | h;} is the direct product of the boson vacuum and Gelfand states associated
with the u(d) Lie algebra, so it has the properties

B¥|h}=0 (2.7a)
Yilhi;’}:hz [hy} (RG] vicl hy) (2.7b)
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where the matrix elements appearing in (2.7b) are those obtained by Gelfand and
Zetlin (1950), which coincide with those on the right-hand side of (1.12). We thus
conclude (Castafios and Moshinsky 1987) that applying the operators on the right-hand
side of (2.3) to the states (2.6) should give exactly the same result as when we apply
the generators (1.1) of sp{2d, R) to the states (1.8) characterised by the irrep
[highaq. .. hyy] of this Lie algebra.

We thus have an alternative procedure to the one outlined in the previous section
for deriving the matrix representation of the generators sp(2d, R) associated with a
given irrep of this Lie algebra. We note, though, that in the present analysis 8, B”
are creation and annihilation operators and thus from the commutation relations (2.2¢)
we can interpret 87 as the differential operator (Deenen and Quesne 1982, 1984)

BT =(1+8)) % (2.8)
/3 i
Furthermore from (2.2¢), ¥/ will act only on the |h,-j} in the way indicated in (2.7b).
With the help of these considerations we proceed now to apply the right-hand side of
(2.3) to (2.6) to obtain the matrix representation of the generators of sp(2d, R) that
we are looking for.
We start with B}, = B}, where k=<1, and thus we obtain immediately

l i hij}=|Nij+6ik6jla hlj} (29)

which coincides with the result in (1.11). Turning our attention to Cj we start with
k <! and from (2.3b) and (2.8) we write

Ci= Z Bkm(1+6ml) +7k

mI

d

Z BMkaﬁml+m Zk:H Bkmaﬁm1+23klaﬁu mzH-l Bkmaﬁlm+

On the right-hand side of (2.10) we decomposed the summation over m into several
parts so as to be able to always write B:} with i < j, both when it appears as a multiplying
factor as well as when we are taking the derivative with respect to it. In this way the
action of C}, with k<1, on | 4» My} is perfectly definite, as in the latter there only
appear 8, with i <j. We thus get for k </ that

Yk (2.10)

k
Cil Ny, by} =Y Npt| Ny = 8imby + 8:mBi, by}
m=1

-1
+ Z Nou ' Nij = 5im5j1 + 8ik8jrns hij} +2N, | Nij - 5.‘1511 + aikajl’ hij}

m=k+1

d
+ Z lNlmlNij—ailajm+61k Jim s hlj}+z |Nuahl}}<h |7k|hu> (2-11)

m=I+ hi

A similar analysis when k =1 allows us to write

d

Z Bmla +ZB Z Blm

+ 2.12
Bt aﬂu m=T1+ aﬂlm i ( )

and thus obtain

c!| ,,,h,.,.}=(z N, + 2N, + z N,m+z hy— zh,, ,)1 N, by} (2.13)

m=[+1



4600 E Chacon and M Moshinsky

Finally for k> we can write

k

d
Ci= Z BMkaﬁmJ{.zB”‘aBu m=ZI+]BMkaBIm+m=Zk 3kmaB’m+

which leads to

-1
C ‘ ifs hij}= Z le‘Nij_aimBjI+6im5jk,hii}
m=1

k
+2NII!Nlj_8i18jl+6d jks h }+ Z NlmlNlj_Bilﬁjm+6im6jka hij}
m=1+1

d
+ z Nlm‘Nij-‘Silajm+81k m,hxj}+2| iy u}<h “Yk|hu (215)
m=k+1
From the discussion (1.12) we see that (2.11), (2.13) and (2.15) provide the coefficients
(1.13) required for the matrix representation of Ci.
We now turn our attention to B¥, k<1, of (2.3¢). From the commutation relations
(2.2) and definition (2.3b) of C¥ we see that it can also be written as

Z Bkm l+ Z Cmﬁml

d
2%t L Ym
aﬁmk ) .Bkk m=k+1 3B km

va

+ Y ck—+cCP2
Z aBml

m=1

. 2.16
: aBu m=1+1 837,,, ( )

Applying it to | Ny, h;} we then obtain
k-1
Bkl' ijs hq}= Z ZNmk’Nl_}_Slmajk’h:j}<hl’j|‘yiﬂ|hlj>

+2Z Nkk| 6lkajk’hlj}<h l)’klhu

U

d
+ Z Z'NU lkaj"NShlj}<h ‘ym|hxj>

m=k+1 h),

-1
+ Y NuiCn|Ny— 88y, by} +2N,CH N,y — 8,8, by}

m=1]

d
+ ZM NiC o | Ny = 848;m, by} (2.17)
For the final expression we have to act with C¥, on the kets in (2.17) which we can
achieve with the help of (2.11), (2.13) or (2.15) depending on whether m<k, m=k
or m> k. We shall not give the explicit expressions in this general case as they become
rather long and, besides, we have not given the explicit expressions for (h|vyi|h,)
either. We shall correct both points in the next section where we discuss the explicit
matrix representation for the generators of sp(6, R).
From the analysis in (1.14) we conclude that (2.17) provides the coefficients (1.15)
required for the matrix representation of B*.
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It is convenient to have an independent procedure to check the elements of the
matrix representation of sp(2d, R) that were derived in this section. For this purpose
we introduce the second-order Casimir operator of sp(2d, R) that has the form
(Castafios and Moshinsky 1986)

d
G,= ,Z_ By B¥ -

1 k

Dl

d
CiCr+(d+1) Y Ck (2.18)
1 k=1
where, with the help of (1.2), we easily check that G, commutes with all the generators
of sp(2d, R). When applying G, to the state [NU, h;) of (1.8) we can then pass through
all the powers of B,T,-, C! that appear on it and have it act on the state of lowest weight
| hig) of (1.4). As from (1.2a) we can also write

d
G.= ¥ BLBY-2 3 CiCi- T (C-CH-T(Ch+(d+1 T Cl (2.19)
1=

1 k<l k>1

we see from (1.4) that the effect on |h,) of G,, and thus also on | N,

hy;), is given by

Gleij, hij> = (_Zk: (hd—k+1_d)2_k21 (hdfk-#-],d - hd—l+1_d)

+(d+1);hd—k+l,d>|Nija hy). (2.20)

Thus by using explicitly the action on | Nj;, h;;) of each of the generators of sp(2d, R)
appearing in the G, of (2.18), we have to arrive at the expression (2.20), and therefore
can check whether any mistakes were made in deriving the matrix representation of
these generators.

3. Explicit matrix representation of the generators of sp(6, R)

We have derived in the previous section the matrix representation of sp(2d, R) for any
d, though some steps were indicated only symbolically, such as the matrix elements
(h};| Ci|hy) of the unitary Lie algebra u(d), or the application of C¥ to the kets in
(2.17). In this section we want to give explicitly all the results for d =3, i.e. sp(6, R),
because of its interest in many physical applications. Note that sp(4, R) is also of
interest but the results in this case, albeit in slightly different notation, were given in
the previous paper of this series (Castafios and Moshinsky 1987).
To derive the matrix representation of sp(6, R) we need the matrix elements

his  hyy hss his hys hys
(h:j|CHhij>5 12 5 CL his hy, (3.1)
hiy hi

for which we shall take the values in the form presented by Moshinsky (1968).
Furthermore, when useful, we shall designate our states |N,-,-, h;,) in the explicit form

'Nij, hu>=|N11, Ni2, Ni3, Nas, Ns3, Nij; h129 hy, hy (3.2)

suppressing the partition [h,3h,3h,5], which designates the irrep of sp(6, R) and thus
remains invariant under the application of any of the generators of this Lie algebra.
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We then apply the 21 generators By, k<1I; Ci; B, k<1, k,1=1,2,3, of sp(6, R)
to the states | N, h;) and from the discussion of the previous section obtain
Bl Ny, hy)=| N+ 8,8;, hy) k<l (3.3a)
For C} with k <! we obtain
C2|N,, hyy= Np2| Nuy+1, Na=1, N3Ny Nos Nag, b))
+2Ny| Niy, Nio+1, Nis, Nyy— 1, No3Nas, hy)
+ N3 Ny Nz, Nis+1, Nag, Nos— 1, Nis, by)
+[(hy2=hy) (= hyy + 112 Ny hya, haay by +1) (3.3b)
C3INy, hy)= Ni3| Nii+1, Nis, Nis =1, Ny Noy Ny, hy)
+ Nas| N1y, Nip+1, NisNos, Nos—1, N, )
+2N33| Ny Nya, Nis+1, Ny Nos, Nys—1, hy)

+((h11_h22+ 1)(h13— hlZ)(hIZ_h23+ 1)(’112_ h33+2)> 1z
(hiz=hy+1)(hiy = hyy +2)

X| Ny, hiz+1, hyy, by +1)

_((hlz_ h]l)(hZZ_h33+ 1)(h23—h22)(h13‘ hyy + 1)) 2
(h12— h22)(h12_ h22+ 1)

XlNija hiz, hoy+1, by +1) (3.3¢)

C3| Ny hy) = Nis| Niyy, Nia+1, Niy— 1, Ny Nyy N, hy)

+ Nos| N1 N3Ny, Noa+ 1, Nps =1, Nig, hy)

+2N33| N\yNiNpsNog, Nos+1, Nas— 1, by

+((h12—h“ +1)(hys— hi)(hyy~ by + 1)(h,2—-h33+2)) 12
(hiz=hayp+ 1) (A= hyy +2)

X | Ny, hy2+1, hay, hyy)

+<(h11 —hy)(hy— hss + 1)(h23 - h22)(h13 —hy+ 1)) 2
(hlz“ h22)(h12_ h22+ 1)

X | Ny hyzy by + 1, hyy). (3.3d)
For C§ we then have
C1| Ny, hy)=(2Ny,+ Nya+ Nys+ by ) [ Ny, hy) (3.3¢)
C3INy, hy)= (N, + 2Ny + Ny + hya+ hyy = hyy) | Ny, by) (3.31)
C3| Ny, hyy = (Ny3+ N3+ 2Nz + hys+ hos+ hys— hya— hay) | Ny, hy). (3.3g)

For C% with k> we obtain

C3| Ny, hy) =2Ny | Ny — 1, Ni3+1, Ni3Nyy Ny Ny, hy)
+ Npp| Niyy Nia— 1, Nis, Nap+1, Np3Nas, by)
+ Ni3| NiyNiz, N3 =1, Nyy, Ny +1, Ny, by)
+[(hy2=hy +1)(hyy — hyy)1Y2 | Ny, hyg, by, By — 1) (3.3h)
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C;| Nij, hij>=2Nn|N11 —1, N3, Ni3t1, Ny Ny Ny, hij)
+ N12| Nn, le_ 1, N|3N22, N23+ 1, N33, hij)
+N13|N11N12, N13"1, N22N23, N33+1; hij)

_((hlz_ h11+ 1)(h22_ h:a)(h23'h22+ 1)("’13" h22+2)>1/2
(hlz" h22+ 1)(h12_h22+2)

X| Ny, bz, By =1, by — 1)

+ ((hn — hzz)(hls’h12+ 1)(h12_ h23)(h12—h33+ 1)) 2
(h12_ hZZ)(hIZ_ h22+ 1)

X{ Ny, hyz=1, hyy, by — 1)

C3INy, hyy= Ni3| Ny, Nia—1, Njs+1, Ny Nys N, by)
+2N3| N\ NisNys, Noo =1, Nos+1, Ny, hy)
+ No3| N NN Noy, Nos =1, Nas+ 1, hy)

+((h11 — a2t 1) (A — h33)(hoy — hoy + 1) (hy3 — h22+2)> vz
(h12_h22+ 1)(h12_ h22+2)

X’Nij, hiz, hyy =1, hyy)

+((h12— hn)(hls_ h12+ 1)("‘12" h23)(h12—h33+ l)) vz
(h12_ h22)(h]2_ h22+ 1)

xlNij, hlZ— 1, h22’ h11>'

We now consider B** that gives
B”lN,-j; hij>= le(le_l)th, N12_2, N13, N22+1, N23N33, hij>
+2N12N13'N11’ N12_1’ N13_1a N22, N23+19 N33’ hl}>

+ N13(N13" 1)|N11N12, N13_2, N22N23, N33+1, hij>

+4N (N + Npp+ N+ by = 1)|N11 —1, N2 Ni3Nyp3 Ny N, hij)

+2N12[(h12_ h11+ 1)(”11 - hzz)]l/z

X|Nyy, Nia= 1, NisNyy NosNas, By, Byy, By — 1)

—2N <(h12_h]1+1)(h22—h33)(h23—h22+ l)(hlJ_h22+2)> 1z
13

(hiz=hy+1)(h3— hyy +2)
X| Ny Nysy Ni3—1, N32NasNsy, hyay hyy~1, by = 1)

+2N13((h“ — hzz)(hls" h12+ 1)(h12_h23)(h12' h33+ 1)) 12

(hi2=hp)(hy3— hyy+1)
><|N11le, N13_ 1, N22N23Nss, h12— L, h22, hn - 1)

4603

(3.31)

(3.3))

(3.3k)
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BZ|Ny, hyy= No(Na= D[Ny +1, Niu =2, N3Ny Nos N, by
+2N 3Ny | Niy, Nia—1, Nis+1, Nagy Nos— 1, Nas, hy)
+ Nys( Nps = 1) N NN 3 Nay, Nas =2, Nas+ 1, by)
+4N55( N2+ Nayp+ Nos+ hyy+ hyy— by — 1)
X| Ny Ni2Nys, Nay—=1, NasNas, bi) + 2N 5[ (R — by ) (Byy = by +1)]Y7

X| Ny, Ni2=1, Nj3Np; NasNas, by, by, hyy+1)

(hll - h22+ 1)(h22_ h}})(hZS_ h22+ 1)(’113_ h22+2)> vz

+2N.
23( (hi2=hyy+ 1)(hiy— hypa +2)

X‘Nanlezsz, Ny3—1, Ny, hyp, by =1, b))

+2N ((hn—hn)(h13_h12+1)(h12_hzs)(h12"h33+1)) vz
23
(hIZ—hZZ)(h12_h22+ 1)
X | N NiNi3Ny, Nos—1, Nag, hyy—1, by, hyy) (3.31)

B>| Ny, hy)= Ny3(Nyj;— 1) Ny +1, Nyg, Ni3=2, Ny Nyy Nys, hy)
+2N3 Ny | Ny, N+ 1, Nyy—1, Nay, Ny =1, Nys, hy)
+ Naoy(Nays = 1) Ny Ny Nys, Noy+1, Nyy =2, Na, hy)
+4N33(Ny3+ Nos+ Nys+hys+ hys+has—hy— hyy— 1)

X| Ny Ni2Ny3sNyy Nog, Ny — 1, hy;)

+2N,3<(h“ —hy+ 1D)(his—hiy)(hyy = hys+ 1) (B~ h33+2)> 1z

(hyy = hpa + 1) (hi2 = by +2)

X| Ny Nz, Nis—1, NyyNosNay, hys+ 1, by, by +1)

(hlz_ hn)(hzz_ h33+ 1)(”‘23_ hZZ)(hIB_ h22+ 1) 1z
=2Ny;3

(hi2=ha2)(hyz = by +1)

X| N1 N2y Ni3—1, NyyNosNag, Byay hoa+ 1, by +1)

+2N23((h12_h“+ 1)(h13_ hxz)(hxz_h23+ 1)(h12_h33+2))1/2

(hi2=hy+ 1) (B2 = hyy +2)

X| Nyt NizN;3sNogy Nos =1, Nag; hyy+1, oy, by

+2N23<(h” “hzz)(hzz—h33+ 1)("‘23— hzz)(hla_ h22+ 1)) vz

(h12— hzz)(hlz" h22+ 1)

X[ Ny N;;Nyj3 Ny, Ny =1, Nis, hyy, hya+ 1, hyy). (3.3m)



Generators of symplectic algebras: 11 4605

Finally for B¥ with k <[ we obtain

B[N,

ijs

hy) =

B13| N‘J’ hU> =

2Ny hy | Ny =1, Ny N3Ny Nyy Ny, by

+ NN+ N+ N3+ 2Ny + Noy+ha+ hyy— 1)
X|Nyy, Nia—1, N3Ny Nag Na, by)

+4N; Ny Ny =1, Ny +1, Nia, Nas— 1, No3 Ni; hy)
+2Ny N | Niy Nz, Nis—1, Ny =1, Nyy+ 1, Nag, hy)
+2N; Ny Njy =1, Nyip, Nis+1, Ny, Nos— 1, Nas, by
+ N3Ny | N\ Nia, Nis—1, Noy, Ny =1, Ny + 1, hy)
+2Ny[(hys—hy +1)(hy, = hy)]Y?

x| NiyNi3Ny3, Nay—1, Nay N3, hyy, by, by — 1)

(hn “h22+1)(h22“has)(hzs_h22+ 1)(h13_h22+2))1/2
(hyz—hy+1)(hyy— by +2)

X| Ny Ny2, Nis=1, NyyNos Nas, by, by — 1, by

(hlz* hll)(hIJ—h12+ 1)(h12_h23)(h12_ h33+ 1)) vz
(hi2=hy)(hyy—hpa +1)

><|]V11]|V12, N13—1, N22N23N33, hlz_l, h22s hn)

-N ((hlz_h11+1)(h22_h33)(h23_h22+1)(h13“h22+2)>1/2
B (hlz_h22+1)(h12“h22+2)

X’NnNnNmsz, Ny3—1, Nas, hyy, hyy—1, b — 1)

(hn — hzz)(hn - h12+ 1)(h12 — h23)(h12 B h33+ 1)) V2
(hlz‘ h22)(h12 - h22+ 1)

X|N;yN13Ni3Nys, Nos—1, Nas, hyo—1, hyy, by — 1) (3.3n)
Nis(2Ny + Nis+ Nys+ Nys+2 N33+ hys+ by + hys— hya+ hy —hyy— 1)
X|Ny1Ny2, Niz—1, Nyy Ny Nas, )

+2N, Ny3| Ny =1, Ny + 1, NisNoy, Nos—1, Na, by)

+NiuNys | Ny, Niz—1, Nys, Nap+1, Nyy— 1, N, )

+4N, N33 Ny =1, Npo, Nis+1, Njy Ny, Nys— 1, hy)

+2N3N33 | Niy, Nia—1, NisNay, Ny + 1, Ny — 1, hy)

+ Nys[(hiz = hyy + 1) (hyy = hyy)]Y2

XNy N13Ny3Npy, Nay=1, Nus, by, hay, by — 1)

(hyi = hay+ 1)(hy3 = hio) (i — hys + 1) (hy2 = h33+2)> vz
(hlz" h22+ 1)(h12_ h22+2)
X I Nn - 1, N12N13N22N23N33a h12+ 1, hzzs hn + 1>

—2N ((hxz_hn)(hzz‘ has+ 1) (hys — hys)(his —hyr + 1)) 2
1
(12— hp)(hiz =~ by t1)

+2N“<
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X| Ny =1, NiuNi3N3; NoyNas, hyg, hyp +1, by + 1)

+N12<(h12—h“+ 1)(h13—h12)(h12_h23+ 1)(h12“h33+2)>”2
(hlz_h22+1)(h12‘h22+2)

X| Ny, Niz=1, NisNpa Ny Nag, hya+ 1, has, by )

" le((hll_hzz)(hﬂ_h33+1)(h23—h22)(h13_h22+1))]/2
(hya—hy)(hiy—hy+1)

X|Niy, Niz=1, N3Ny Noy Nag, by, hoy+ 1, byy)

_2N33<(h12_h11+1)(h22—h33)(h23_h22+1)(h13‘h22+2)>1/2

(hlz—h22+1)(h12‘h22+2)
X|N{yNiaNi3sNosNosy, Nag =1, byp, hay =1, by = 1)

(hn - h22)(h13_ h12+ 1)(h12_ h23)(h12— h33+ 1) vz
(hlz" hzz)(hlz“ h22+ 1)
X| Ny Ni2Ni3NosNosy Nys =1, by =1, hyy, by — 1) (3.30)

B*| Ny, hy) = Ny3s(Npp+ N3+ 2N+ Nyy+ 2Ny + hys+ hay+ by — by — 1)
X|NiiN12Ni3Naz, Nyy =1, Naa, hy)
+ N12N13|N11+1a Npi—1, N13_1, N22N23N33, hij)
+2N22N13|N11, N12+1, N13' 1, sz‘ 1, N23N33, hij)
+2N12N33|N11, Niz—1, Ni3+1, Ny Nyy, Ny =1, hy)
+4N22N33|N11N12N13, sz‘ 1! N23+1, N33" 1, h.j)
+N13[(h12"h11)(h11_h22+1)]1/2
X| N\ iNi2, Nis=1, NisNosNas, by, by, by +1)
(it DOy b hy b))
(hiz=hoy+ 1)(hy3— hpy +2)
XINH, N12_13 N13N22N23N33, h12+1, h223 h11+ 1)
_le((hlz"hn)(hzz—h33+1)(h23_h22)(h13_h22+1)>1/2
(hi2=hys)(hyy— hy+1)
x| Ny, Nip—1, Ni3sNpNysNys, by, by +1, by +1)
(hi2— by + 1) (hy3 = hyo) (o = hys + 1) (Byp — by +2)\ V2
(hiz=hyy+ 1)(hya— by +2) )
X| N1t NiaNys, Nay =1, Nyg N, hyy+ 1, by, )
+2N22<(h“—h22><h22—h33+1)<h23—h22)(h,3—h22+1))‘/2
(hxz"hzz)(hlz—h22+1)
X| N\ Ni2Nys, Ny — 1, No3Nis, hya, hoy+ 1, hyy)
+2N33((h11_h22+1)(h22"h33)(h23—h22+1)(h13“h22+2))1/2
(hnz‘h22+1)(h12_h22+2)
X | Ny N12Ni3Nps Nog, Nas— 1, hi2, hpa—1, hyy)
+2N33((h12_hn)(h13_h12+1)(h12—h23)(h12—h33+1))1/2
(hi2=ha)(hyy— by +1)
x| NiuNGNNuNoyy, Nys—1, b= 1, gy, hyy). (3.3p)
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From (3.3) we then obtain the coefficients (1.11), (1.13) and (1.15) in the matrix
representation of the generators By, Ci, B of sp(6, R). In the next section we apply
these results for the determination of the matrix representation of Hamiltonians in the
enveloping algebra of sp(6, R).

4. Applications to the symplectic model of the nucleus

In the symplectic model of the nucleus (Rosensteel and Rowe 1976, 1977, 1980, Filippov
et al 1973, 1981, Vanagas and Kalinauskas 1973, Vanagas et al 1975, Vanagas 1977,
1980, Weaver et al 1976, Castanios et al 1982, Moshinsky 1984, Suzuki and Hecht
1986) the Hamiltonian H is in the enveloping algebra of sp(6, R) and thus can be
expressed as a polynomial in the generators B, C., B" k 1= 1, 2, 3, that is Hermitian
and invariant under rotation and time reflections (Chacén et al 1987). In the discussion
of these Hamiltonians we analyse first the appearance of the orthogonal group O(3)
in the picture and then the procedure for getting energy levels when the matrix
representation of H is with respect to a non-orthonormal set of states such as | N, h;).

4.1. The use of spherical components

So far in sp(6, R) we used the indices i,j or k, [ that take the values 1,2,3. From the
beginning we considered a notation that would allow us to interpret these indices in
any kind of metric. In what follows we shall use a metric associated with spherical
components that take the values 1,0, —1 related to 1, 2, 3 by the correspondence

10 -1
Voo (4.1)
12 3

When we are speaking of the generators of sp(6, R) with the notation g=1,0, —1 for
the indices, we shall denote them with a bar above, while when we put them in the
notation i =1, 2,3 we shall express them as before. The raising and lowering of the
indices in spherical component notation is the standard one, e.g.

Ci=(-1)C,_,=(-1)C™™ g, r=1,0~1. (4.2)

The correspondence in the barred and unbarred notation is given by (4.1) and thus,
for example,

Cd=C2 (4.3)

The spherical components of angular momentum in terms of the generators C| of
u(3) are given by (Moshinsky 1968)

Li==(C{+CyYy=—(C*+CY) (4.4a)
Ly=Ci-CZl=cCc!-C} (4.4b)
L,=(Cy+C%)=(Ci+ChH (4.4¢)

with the Casimir operator of O(3) being

L*=~(L,L,+L_,L)+Lj. (4.5)
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We note from (4.4b) that the states | Ny, h;) correspond to a definite eigenvalue M
of the angular momentum projection L,, which from (3.3e, g) is given by

M =(@2Ny;+ Njp— Np3—2N;y3+ hyythythy—hys—hy— hss). (4.6)
On the other hand the states | Ny, hy) are not eigenstates of the total angular momentum
L?, though one can find linear combinations of them with this property, as will be

outlined below.
Note that the states | N, h;) are also eigenstates of the operator

N={CI+ i+ ChH=3Ci+C3+CY) (4.7)
with eigenvalues
3
N = Z Nn‘j+%(h13+h23+h33)- (4-8)
isj=1

The Hamiltonians H in the enveloping algebra of sp(6, R) will commute then with
the components of the angular momentum, i.e.

{L,,H]=0 g=1,0,-1 (4.9)

and besides they are Hermitian and invariant under time reflection.

4.2. Energy levels for a non-orthonormal basis
From (3.3) we can obtain the representation of H in the basis |NU, hip, ie.

H|Ny hyy= Y [N hip(Ny, hiy|H| Ny, hy) (4.10)

oy

and we shall proceed to show that the energy levels for this Hamiltonian are given by
the secular equation (Moshinsky and Seligman 1971)

det|[ (N, hiy| H| Ny, hy) = E T] &, n, 8mm,

i<j

=0. (4.11)

As the states | N;;, h;;) are non-orthonormal we first show that the coefficients appearing
on the right-hand side of (4.10) are matrix elements between the kets | N, h,) and
dual ones | N}, h};), to be defined below, that are orthonormal to them. We then will
see that we will get the same secular equation (4.11) if we had started with a complete
orthonormalised set of states from the very beginning, which we could denote by the
square bracket ket | N, h;].

To simplify the discussion of the steps mentioned in the previous paragraph let us

designate our states by the single quantum number v taking the values »=1,2,...,n
so that (4.10) can be rewritten
HIV)=Z'V’)(V’|HH>. (4.12)

The matrix of scalar products

v { )]l (4.13)

which is clearly Hermitian, i.e. (¥'|¥)=(v|v')*, can be inverted to give a matrix we
denote by

I [ )]. (4.14)
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We now introduce a dual state which we denote by the round ket | ') and define it by

|2 =2 1) (] v). (4.15)

Clearly then
(v'|v)= 2 ([ v )" v)

*
= (Z (v|v" (v V')) =0,, (4.16)

where we used the Hermitian property of (¥”|v) and the reciprocal relation between
the matrices (4.13) and (4.14). We see then that the coefficients appearing on the
right-hand side of (4.12) are matrix elements of H between an angular ket |v) and a
dual round bra (#'| of this non-orthonormal system of states.

We now turn our attention to the orthonormal set of states | »] that we can build
from the angular kets |»). As |[(¢'| »}|| is Hermitian there is a unitary matrix |U,., |
that diagonalises it and all the eigenvalues are real and positive so we can designate
them by A2, v=1,2,..., n. We now define

[7]1=2 1 U,:A5" (4.17)
from which we have
[7']2]= 25" A5" X U (¥ [9)U 5 = 855 (4.18)
The square bracket kets | ] are then orthonormal and if we have the development
H|pl=2 |77 |H|7] (4.19)
then the energy levels are clearly given by the secular equation
det||\[#'| H|9]— E8, ;|| =0. (4.20)
We note, though, that by inverting equation (4.17) we obtain
() =% UsAs|7] (4.21)

while a similar analysis using [|(»'|v)| gives

) =2 UpuAs'| 7] (4.22)

which can be checked by the fact that we have (¢'|v)=8,,. We see then immediately
that the secular equation

det|(+'|H|v)—E5,,|=0 (4.23)

gives the same values of E as (4.20), as from (4.21) and (4.22) the matrices appearing
in (4.20) and (4.23) are related by a similarity transformation.

In our argument we considered only a finite number of states, while | N, h;) has
an infinite number. We note though that the scalar products (N}, h,’-jt Ny, h;) vanish
if they have different values M, N given in (4.6) and (4.8) in bra and ket and thus our
discussion can be limited to subsets of | Ny, ) with fixed N, M which from (4.6) and
(4.8) are finite in number.

The analysis given above then justifies our assertion that the energy levels are given
by the secular equation (4.11) in which we have the matrix representation
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N, hi;| H| Ny, hy) of the Hamiltonian H. The eigenstates of H can be obtained as
lmear combinations of | N;;, h;) in the process of diagonalising the matrix representation
of H. Note incidentally that the overlaps of the states | N, h;) can be written as

3
<Nlj5 :_,‘Nu,hu>=<h:j <.<H“1(BU) )

and thus using the matrix representation of B” given by (3.3k)-(3.3p) we can find a
recursion relation for evaluating these overlaps. This would allow us to use the
eigenstates of H in the process of evaluating the expectation values of other operators
such as the angular momentum L* as well as those that determine the shape (Chacén
et al 1986).

Ny, hy > (4.24)

4.3. Hamiltonians in the enveloping algebra of sp(6, R) up to second degree in the
generators

If we look at the 21 generators of sp(6, R) we clearly see that those that are invariant
under rotation are

Zl: i Ci=2¥ (4.25a)

Z (-1)'B,_,=-2B};+B},=2B" (4.25b)

g=—1

1 —
S (-1)B**=-2B"+B*=2B. (4.25¢)
q=-1
If we require further that they should be Hermitian and invariant under time reflection
(where the latter allows only real linear combinations or polynomials in the generators
(Chacén et al 1986)) we obtain

N,B'+B. (4.26)
Note that &, BY, B close under commutation, i.e.

[¥,B']=B" (4.27a)

[, B]=-B (4.27b)

[B,B']=2N (4.27¢)

and thus are a sp(2, R) subalgebra of sp(6, R).
Now turning our attention to the polynomials of second degree in the generators
we see that those that are invariant under rotation are
1

qﬂ;_l Z cicj= (4.28a)
Z( 1)B;. _ch—'Z”ZI [(-1)'B],_,C]]=A" (4.28b)
,,,Zq, (-1)iCiB ™% = i;) ,; [(-1)CiB*7]=A (4.28¢)
%Zlf (-1)**B. B, _, =Zj (=1)“BB}_ 4 ;=4 (4.284)
q,z,,. (—1)"*"‘5“’1?—4*’4':;} (-=1)""BB* =7 (4.28¢)

qzq‘ By B =Y BiB'=K (4.281)
s 57
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to which we have to add L’ of (4.5) and the squares and products of those appearing
in (4.25). The Hermitian property and invariance under time reflection gives us the
following possibilities for terms in H of second degree in the generators:

I,A'+A A"+, K, B'B, B+ B (B +B)N+~(B"+B), %, L”. (4.29)

We note that among those appearing in (4.29) are Casimir operators of subalgebras
of sp(6, R) such as

I, L B'B-N(N¥N-1) (4.30)

which are, respectively, those of u(3), o(3) and sp(2, R). No similar identification was
found for the other operators in (4.29) as Casimir operators of other subalgebras of
sp(6, R) such as, for example cm(3), are of third and fourth degree in the generators
(Weaver et al 1976).

The matrix representation of the operators (4.26) and (4.29) can be found immedi-
ately from (3.3) and thus the energy levels associated with a linear combination of
them or of terms involving even higher powers of the generators, can be obtained from
the secular equation (4.11).

Other methods for obtaining computer programs for the generators of sp(6, R) and
the energy levels of Hamiltonians in the enveloping algebra have been given by Rowe
(1985).

5. Conclusion

We have given in this paper the matrix representation of the generators of sp(2d, R)
with respect to the states ‘N,-j, h;) characterised by the irrep [hy4,..., hya] in the
positive discrete series of this Lie algebra. The explicit form of these results for the
case of sp(6, R) allows us to consider the matrix representation of Hamiltonians in
the enveloping algebra, and from it the energy levels of these Hamiltonians as well as
the eigenstates expressed as linear combinations of the states | Ny, h;). Applications
of these procedures to specific nuclei and interactions will be considered in other
publications.
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